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I
INTRODUCTION

The purpose of this report is to present specific analog computer programs

effective in the solution of a simplified description of the ray paths of radio

waves propagating through the earth's ionosphere. The main phenomenon

of interest is the description of the conditions necessary for a radio wave
of a given frequency to penetrate the ionosphere and then "follow" the earth's

magnetic field lines back to the earth. Such propagation in the "whistler"
mode may be described by the Hamiltonian ray equations. 1 It is assumed

that these ray approximations to the Maxwell Wave Equations are of sufficient

accuracy in describing the phenomena.I
A simplified set of ray equations may be written if it is assumed that the3 electron density about the earth is independent of longitude, that the effect

of energy loss by collision is negligible and that the anisotropic effects of the

earth's magnetic field are negligible at the frequencies of interest.

(14 mc. fH/f < 1, fH:: gyro frequency With the above assumptions, the3 Appleton-Hartree equations for the radio wave index of refraction reduces to:

3 2 N(r, 0)

f2(l. 24x104 )

I where:

3 = radio wave index of refraction

N(r, 0) = electron density

3 r = radial distance from the earth's center

9= co-latitude

I f radio wave frequency in megacycles

3 At frequencies where N << 1 the bionomial expansion gives:
f(L 24 x 104

I -1



3 N~r, Q)

(2.28 x104) f2I
For the purpose of this study the following form for N(r, 9) is assumed:

N(r, 9) - E F(r) sing r1 + m(r) c(y)l

2.28 x 104 f2

where:

E F(r) = normal dependence of electron density

I mr(r) = radial dependence of duct

c(y) = modulation function for a duct of enhanced3 electron density

y = geomagnetic latitude parameter = r/sin 9

E F(r) = an empirical function r ! 6690 km

E F(r) 4e - (r-6690) r k 6690 km
aSa radius of earth in kmn

a = 6, 370 kinI
The effect of a single duct of enhanced electron density following the earth's

3 magnetic field lines is determined by this assumed form for N(r, 9).

N(r, 9)

*m(r) Min y)
dy .

o r period of a

3 rc1 rc2  3ine wave.

The Hamiltonian ray path equations in polar co-ordinates, when the anisotropic

effect of the magnetic field and the longitudinal electron density dependence are

neglected become the following Z. (a) is an anisotropy effect -and is not

I present in the following equations.

1 -2-
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I.

dr

~do 1

do sina

da1 sina + (1-" cosa - sin)

where:

A = radio wave index of refraction

r : radial distance of point on ray path to the earth's center

9 : co-latitude of point on ray path

s = arc length along the ray path

Ci = angle between the wave normal and the radius vector.

(Since the anisotropy of the earth's magnetic field has
been neglected the wave normal direction coincides with
the direction of the ray path).

I

EARTH

I GEOMETRY OF SITUATION

n Inserting in terms of Nr, 0) we obtain after differentiation the followingr 9

detailed form for d-a
ds

I -3-
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- snci 1 Esing~~ - T- Cosa [EF coBQ ~sinaJ

+f dF

d's =  ~ sincL Esinj T- " "r) cos Fcsy- sn

r

+ sina fE sing F r c(y)
I dr

+ sina E F m(r) dc
sing dy

- Cosa E cosQ F(r) rm(r) c(y)

1 I 2 E Frm(r) dcl+ - cosa IcosO -

. L sing dy

I
where the first three terms are always present, but the last five terms are

jonly present when the ray is within the duct of enhanced electron density.

It is useful to know when the radio wave path first becomes tangent to a geo-

magnetic line. Since the equation of a geomagnetic line is

r = c sin 0

I dr rcos
= c 2 sing cosog =

To- sing

dr
but d- on the ray path is given by

dr
ds r cosaLd sina

ds!
I -4-.
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Thus when the ray path is parallel to a geomagnetic field line:

ctn a = 2 ctno

Whenever this equality holds we know that the ray path may possibly be "trapped"

on a magnetic field line.

The remainder of this report deals with the various programming problems

and the analog circuits required to successfully and accurately model the system

jequations. Specific special attention is given to implementing the five terms

related to the duct so that they are not present in the circuit when the ray path

jlies outside the duct, and yet are accurately represented when the ray path is

inside of the duct. Special computer control circuits are discussed to accomplish
this task. The method of generating F(r), -r , c(y), dy i also

L ~~dr ydy dsusd

L

COMPUTER PROCEDURE

An electronic analog computer is an assembly of components whose voltage

I outputs can simulate the behavior of a physical system. The numerical values

of the voltages in the computer are scaled to represent the magnitudes of

j quantities in a physical system. The computer components operate on their

input voltages to produce functions required by the mathematical description

of the physical system. By parallel interconnection of the components it is

possible to perform many operations simultaneously and thereby construct a

j computer model of the system. In a general purpose computer the interconnec-

tion of the electronic components is established very easily by programming

a patch panel, allowing rapid construction and, if necessary, changes in the

computer model. The computer contains a complete monitoring capability so

I that all voltages can be measured accurately and conveniently.

U
-5-

I



SYMBOLS FOR PACE GENERAL PURPOSE ANALOG COMPUTER

NAME SYMBOL FUNQTION EESCRIPTION

High E V Operational
.ain 0 V0 - GE Amplifier
Arrplifier G >108

. 0 Amplifier

urnmr iV 0D>+lVj5 Multiple Input3[

1v l n0egr=a (-V-V 2 dt Amplifier
[ntegrator .V.... Multiple Input

- oefficient '
Potentiometer V 1  V 0 oK 1  Manually Set

0 < K <1 Ptentiorneter

+2 VIV 2  Servo Driven
iervo +V- V + o-  PotentiormeterM ultiplier >-IV .. V o o I0

-V 1 High Gain
ivision "2 V0- 10OV Amplifier

Circuit 0 o 2 and
0iV V1 ervo Driven

[V B-- Potentiometer

Vlectronic B V1V 2  Elect ronic

[ tV EM V -- Multiplier
1 ultipliear +M V 0 100

Servo Function R V V

,enerator +V 1 V0  Arbitrary

iode 1 Functions

l Function
enerator Vo

oVo V1 V. 0_ ,

I -6-
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I

The basic components of the computer perform such mathematical operations3 as addition, subtraction, multiplication, division, integration, and the

computation of analytic or empirical functions (i. e. sines, cosines, etc.).

All of the operations required to establish a model of the ray tracing system

are readily available.I
The basic components, their electrical form, program symbol, and mathematical

I function are shown in the Table. Assorted view of the PACE General Purpose

Analog Computer used in the study are given in the photographs.

l EXAMPLE OF COMPUTER RESULTS

3 The following diagram is an example of the results obtained from the analog

computation. The upper figure shows how a set of rays travel at 14 meg. and

l illustrates the restricted initial angle required to obtain trapping in a plasma

duct.

l
3 INSTRUMENTATION OF THE REQUIRED EQUATIONS

Page I of the analog computer program that was developed by the Research

l and Computation Division of Electronic Associates, Incorporated, generates

the actual integration of the three (3) specified differential equations. The

l upper right hand side of this page has the integrator that generates r. Directly

below this portion of the computer program is another integrator that performs

3 the integration that produces the quantity a. The top left center portion of

this page has the integrator that generates the quantity Q. Directly after the

Q and 0 integrators, one will notice two (2) 8. 054 devices. These devices are

solid state sinusoid generators that produce the required trigonometric functions

l of the angles. The lower right hand corner of Page 1 has an amplifier that

* .7-
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generates the quantity 40[cosa - 2 coto] . Directly before this amplifier, one

will notice that there are two (2) Diode Function Generators (DFG) that produce

40 cosa and 80 cot9. Associated with each DFG there are two (2) sets of relay

Icontacts. For explanation of these relays see section entitled NOTES ON
INSTRUMENTATION OF REQUIRED SYSTEM.

Page 2 of the computer program is devoted entirely to function generation. The

functions that are generated on this page are m(r), dF(r)/dr and F(r). The

m(r) function is generated in the left section of the page. The dF(r)/dr function

-is generated in the center portion of the page, and the F(r) function is generated

in the right hand portion of page 2. The rn(r) function is generated by an amp-

L lifier and a bridge limiter. The function generation of dF(r)/dr and F(r) employs

amplifiers, bridge limiters, and DFG's. For an explanation of these circuitsL_ see NOTES ON INSTRUMENTATION OF REQUIRED SYSTEM.

I. Page 3 of the analog computer program generates the remainder of the terms

and functions required by the equations. These quantities are dc(y)/dy, 4j/dr,[61/69, and c(y). In addition to these terms, this page contains the automatic

cycling circuit that places the computer in HOLD at various points in the solution.

This control circuit may be found in the upper right hand portion of the page.

For an explanation of this circuit see section entitled AUTOMATIC CYCLING

CIRCUIT. The dc(y)/dy function is generated in the lower left hand portion of

page 3. For an explanation of its operation see NOTES ON INSTRUMENTATION

OF REQUIRED SYSTEM. The relays that are shown on page 3 insure that when

m(r) or dc(y) are zero, then any multiplication by them is indeed a flat zero.

Notes on Instrumentation of Required System

1. Relays Shown on Page 1 of Computer Program. These relays are

used to reverse the drive to the associated DFG and to invert the output of the
same DFG. One will notice that the function programmed on the DFG is the

-8-
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contangent of some angle. The angles, that are present in this simulationLhave their ranges well defined and as a result their contangents may be

calculated and placed on DFG's. Because the range of the angles is symmet-

rical about 90 degrees, the contangent function is symmetrical about zero,

and all that is required is to program half the function and attach the appro-

I priate sign to the output. The relays associated with each DFG accomplish

the required operations.I.
2. Function Generation Page 2 of the Computer Program -

[ A. m(r) is generated by means of an amplifier and a bridge

limiter. The amplifier has an output of zero up until such time as the value

of r becomes equal to rc. When r is greater than r l the amplifier has

some output that is equal to the value of m(r) at that point. The bridge limiter

is used to hold m(r) at its maximum value beyond the point r . The potentiometer

L in the feedback path of the amplifier allows the slope of the function to be

adjusted. The m(r) function is as follows:

[,
m(r)

0 r

rc 1  rc2

B. The dF(r)/dr function is generated as follows:

dr \dr} 1  dr A

(d/ r is a nonanalytic function and with rapidly changing slopes.

-9-I



(d r) is an analytic function owith gradually changing slopes.

i The (dF(r)/dr)I function is broken up into two sections. One section is simu-

lated using amplifiers and bridge limiters while the other section is inotru-

mented using a DFQ. The amplifiers are used to generate straight line segments

that approximate the function fairly well. The DFG contains an error function

that is added to the straight line segments. This summation of the two sections

prQouces the required function.i
C. The F(r) function is generated in the same manner as

i dP(r)/dr. (see above for details).

3. The relays that are shown in the lower right hand portion of page 2

are used to switch between the first and second portion of the required function.

T]1P way in which they are inserted in the problem prevents any discgntinuity

in the functions.i
4. The dc(y)/dy function is generated on page 3 in the lower left hand'

portion of the page. The function is generated in two parts such that when they

are added the total required function is generated. The equipment required to

generate the function is explained in detail in APPENDIX I of this Technical

Report.!
5. The circuit that generates dc(y)/dy was programmed separat. from

the rest o the computer program and its output integrated to give the require4

C(y) function. The output of the integration was plotted and the resultant

function was then set up on a DFG. This DFG is in the center of page 3 of the

computer program.

I -10-
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Automatic Cycling Circuit

Due to the large amount of switching that is necessary in this computer

program, it was necessary to have the computer go into HOLD at certain

I particular points in the solution. To insure that the machine would go to HOLD

at the same point each time, it was necessary to develop a circuit that would

accomplish this task. The circuit that was developed is shown in full detail

in APPENDIX II of this Technical Report.

Formation of Difference of Geomagnetic Height Within Duct

Since the formation of Ay for input to the c(y) circuit requires the accurate

subtraction of two large numbers which are very close to each other, a tech-

Inique is required to overcome this great error potential. The method adopted

here is to compute an integral.

YZ

by = f1 dy

which represents the difference, instead of actually performing a subtraction.

[Since the computer independent variable is s we must form

[ y
A- dy~f ds r ds+ do

r
since y s 20

sin B

fsinI :~~A -sn__i2 'ctntc o Zctn'J ds

1 -11-



(rFl(r) F 2 (r)

Discontinuity at

Switching TimeI
Potentiometer Assignment Sheets

The potentiometer Assignment Sheets list all the potentiometers that

3 are used in the computer program, together with their settings for the static

check conditions. A copy of these sheets may be found in APPENDIX III.

Amplifier Assignment Sheets

3 The Amplifier Assignment Sheets list all of the amplifiers that are

used in the computer program, together with their calculated and measured

values for the static check conditions. A copy of these sheets may be found

in APPENDIX IV.

Computer Program Static Check (Theoretical)

3 The Theoretical Static Check is a mathematical calculation performed

on the basic equations without considering any scale factors. A set of con-

3 ditions is chosen and then all required calculations are performed until every

quantity that is required by the computer program has been calculated. A

3 copy of the theoretical static check is provided in APPENDIX V.

Computer Program Static Check (Voltage)

The Voltage Static Check of the computer program is provided to enable

3 the computer operator to verify the outputs of the various computation elements

against the Theoretical Check values. The voltage static check is the same as

3 the theoretical one except that all scale factors must be considered. A copy of

the voltage static check may be found in APPENDIX VI.

I
-13-I
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